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INSTABILITY OF CASING IN PERMAFROST PRODUCTION WELLS
WITH A LATERAL SUPPORT FROM THAWING ICERICH SOIL

J.B. Gorelik, P.V. Soldatov
Earth Cryosphere Institute, SB RAS, P/O box 1230, Tyumen, 625000, Russia; gorelik@ikz.ru

Rzhanitsyn’s general method for calculating the stability of an axially loaded column embedded into an 
elastic medium is used to estimate the critical load that leads to buckling of production well casing supported 
laterally by thawing ice-rich soil. In the suggested model, casing deforms within a thin layer of ice-rich soil subject 
to thawing, which resists elastically. The critical load depends on the thickness of the ice-rich layer, the stiff ness 
of unfrozen soil, and the fl exural rigidity of casing. The minimum critical load is a complex function of ice-rich 
thickness, while buckling can be either symmetrical or anti-symmetrical. Symmetrical buckling was detected 
instrumentally in an accidental well at the Yamburg gas-condensate fi eld. Stronger three-string casing systems 
may help optimize well completion designs and reduce buckling risks in areas of deeply buried frozen soil. 

Frozen soil, thawing soil, well completion, casing, axial load, axial stability, buckling, symmetrical buckling, 
anti-symmetrical buckling 

INTRODUCTION 

Oil and gas wells in Arctic and Subarctic fi elds 
may experience an unusual eff ect like loss of axial sta-
bility (buckling): bending of casing strings over tens 
of meters within deep frozen intervals at the depths 
200–250 m, which interferes with the operation and 
poses production risks. Note that the deformed casing 
remains laterally supported by the formation subject 
to thawing under heat released during drilling and 
poduction. Such an eff ect was observed at the Yam-
burg and Vankor gas fi elds and reported from some 
other high-latitude oil and gas fi elds (though not con-
fi rmed) but has received no explanation so far. Buck-
ling happened also in production wells outside the 
permafrost zone, as a result of additional axial loads 
caused by loss of soil mineral component around wells 
[Bratsev and Zhukov, 1965; Medvedsky, 1987]. Bratsev 
and Zhukov [1965] mentioned cases of deformation in 
permafrost vertical mines when additional axial load 
arose during thawing. Note that most of deformation 
in mines occurs during fi rst two or three years of op-
eration, which coincides with the time of greatest 
thaw subsidence near production wells. 

In a previous publication [Gorelik et al., 2015], 
we hypothesized that thawing soil around a well re-
sists deformation and loads the well additionally in 
the axial direction (this load type known as negative 
friction is discussed in Section 3). Earlier Medvedskiy 
[1987] wrote about possible buckling in wells placed 
within deeply buried permafrost. To prove that pos-
sibility, he assumed that a thick ice layer melted at 
some depth and the overlying soil caved-in slightly 
above the former ice depth. The model used by Med-
vedskiy [1987] takes into account additional axial 
load from thawing soil but overlooks lateral support 
from the caved-in material. Furthermore, his solution 
eludes quality checking as it is fragmentary and many 
details remain unknown. Note also that freezing of 

wet soil in the cave (without regard to additional 
axial load) would hardly deform the casing because it 
does not produce signifi cant pressure gradients across 
the hole axis [Gorelik and Kolunin, 2002]. However, 
such freezing can increase the pressure magnitude 
and cause buckling (which is actually observed dur-
ing freeze-back). Another point to note is that sedi-
ments at these depths freeze up epigenetically, and 
the probability of cave-in during drilling is low be-
cause of compaction by overburden prior to freezing. 
On the other hand, the presence of thin ice-rich lay-
ers or even ground ice cannot be totally excluded due 
to specifi c processes associated with perennial freez-
ing [Dubikov, 2002; Gorelik, 2008].

The general theory of axial stability loss (buck-
ling) in columns with regard to lateral bearing pres-
sure of the surrounding material was a subject of se-
veral earlier works [Rzhanitsyn, 1955; Volmir, 1967; 
Timoshenko, 1971; Landau and Lifshits, 1987]. The 
main problem is to proceed from the general theory to 
a specifi c system operated in certain conditions. In 
the case of a well, additional analysis is required for 
the choice of modeling strategy depending on the 
conditions of end support (whether the deformed 
casing segment has fi xed or free ends); the method 
should be created to estimate the casing stability li-
mits depending on the properties of frozen and tha-
wing soil. 

So far axial stability was estimated for surface 
casing bared upon thaw subsidence in the course of 
operation. Facts and overview of works on this kind 
of instability can be found in Griguletsky [2013a,b]. 
On the other hand, the problem remains unresolved 
for deeply buried permafrost, with implications for 
the operation safety of high-latitude production 
wells. The present study focuses on these and other 
aspects of the problem. Preliminary estimates show 

Copyright © 2016 J.B. Gorelik, P.V. Soldatov, All rights reserved.

http://earthcryosphere.ru/


85

INSTABILITY OF CASING IN PERMAFROST PRODUCTION WELLS WITH A LATERAL SUPPORT

the greatest impact on the stability of production 
wells from axial loads of thawing permafrost and cas-
ing weight. For this reason, our consideration is lim-
ited to axial load and related deformation. The eff ects 
of overpressure inside wells (or inside tubing), addi-
tional tubing tension, and other factors which may 
somehow aff ect the results, are neglected at this stage 
of research.

1. Choice of modeling strategy
In simulations for axial stability of wells, the real 

completion design is commonly simplifi ed to a col-
umn of the respective size and mechanic properties of 
the casing material [Birger and Mavlyutov, 1980; Vasi-
levskiy, 2002; Gasprom Company Standard, 2005]. 

The strategy for buckling modeling depends on 
lithology and stratigraphy of frozen soil, its thawing 
patterns, and homogeneity along the section. We here 
consider formations that appear to be the most hazar-
dous in terms of thawing impact on casing stability. 
Soils around petroleum wells are naturally heteroge-
neous: collapsible sand is intercalated with dense clay 
which has its structural strength and almost does not 
yield upon thawing. Such a clay layer, when unfrozen, 
can bear large loads and insulate the ground below 
from the subsiding overburden (including the back-
fi lling material). This produces a zone of liquefi ed un-
consolidated soil with low resistance to deformation 
(stiff ness), for instance, due to high ice content be-
tween clay layers. Namely, inspection of accidental 
wells by experts from the Gazpromdobycha Yamburg 
company revealed ice-rich soil at the depths where 
the casing deformed, but no details of the section 
structure were reported. Note that core from a spe-
cially drilled permafrost hole 1 km far from the acci-
dental well pad did not show high ice contents within 
those depths [Gorelik et al., 2015]. Thus, the section 
of frozen fi ne-grained sediments consists of dense clay 
layers which keep strong upon thawing (with the 
base of the upper layer at the depth H) and a collaps-
ible soil layer of thickness l between them, which is an 
analog of cave-in (suggested by Medvdedskiy) if its 
lateral strength is low.

This case can be modeled as follows. A cylindri-
cal column has its ends fi xed at the top and base of the 
weak soil layer. Total axial force applied to the col-
umn within the soil layer consists of the casing weight 
and negative friction within the segment from the 
ground surface to the depth H. Since the thickness l is 
far smaller than H, the effect of casing weight and 
negative friction within the weak layer is vanishing. 
The length of the column exposed to deformation co-
incides with the thickness l. Within the interval be-
tween H and H + l, soil resists deformation with its 
force proportional to the amount of buckling (Fig. 1). 
This case is discussed below in analysis of casing sta-
bility. 

It is pertinent to cite some additional informa-
tion on deformed wells in the Yambug and Vankor 
fi elds relevant for further consideration. Servicing at 
the Yamburg gas field showed deformation over 
~40 m below 200 m. The radius of cave-in at this 
depth does not exceed 0.3 m and the defl ection from 
the initial vertical direction is about 3  m (which 
means soil resistance). Similar inspection in the Van-
kor fi eld revealed a 20 m long deformed segment be-
low 170 m. The casing design is almost the same and 
the stiff ness of thawing soil is unknown at both fi elds. 
For Yamburg, the compressibility of thawing soil is of 
the order of 10–8 Pa–1, which approximately corre-
sponds to a soil stiff ness of 108 Pa. However, it has 
been estimated for consolidated thaw soil (according 
to the existing methods), which requires correction 
in our case (see Section 3). Note also that ground ice 

Fig. 1. Sketch of a production well embedded in soil.
a: vertical section of thaw annulus around a production well
(I is casing string); b: model of loading (q is lateral support from 
soil that resists buckling). 1 – frozen soil; 2 – water; 3 – poorly 
consolidated unfrozen soil; 4 – consolidated unfrozen soil; 5 – 
unfrozen dense clay; 6 – wellhead back-fi ll. See text for expla-
nation.
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was previously reported at the depth about 200 m, 
where deformation was obseved in the Vankor fi eld 
[Baulin et al., 1967], but there is no exact data avail-
able on local geology and lithology at the well pad 
site.

2. Critical load
Buckling for a column with fi xed ends embedded 

into an elastic medium was modeled by Rzhanitsyn 
[1955] in the general form. The bending equation of 
an elastically compressed column is

 IV II 0EJv Pv bv+ + = , (1)

where E is the eff ective elasticity modulus of steel 
in casing strings and back-fi lling between them; J is 
the area moment of inertia of the string cross section; 
P is the total axial compressive load; b is the stiff ness 
of weak soil,  Pa; v is the defl ection (function of its 
axial coordinate x; in some cases below we write v(x) 
to highlight this dependence); the superscript at v 
denotes the order of derivative along the coordinate x 
of the column points.

Note that (1) implies proportionality (with the 
coeffi  cient b) between the defl ection and the elastic 
response of soil (stiffness) per column unit length 
[Rzhanitsyn, 1955]. Some authors use such relation-
ship for bearing pressure of the medium instead of the 
linear force (e.g., [Gorbunov-Posadov et al., 1984]) 
and measure the stiff ness b1 in Pa/m. The same defi ni-
tion of stiff ness is assumed in the Construction Norms 
and Regulations [1986]. The two approaches are 
equivalent and the coeffi  cients are related as b = db1, 
where d is the column cross section size (diameter of 
the outer back-fi lled annulus). Below we use the coef-
fi cient b, while b1, if necessary, is converted to b via 
the specifi c diameter d.

The characteristic equation (which defi nes the 
general form of the solution) is a fourth-order algeb-
raic equation with respect to z: 

 EJz4+ Pz2 + b = 0. (2)

The solution to (1) in the case of fi xed ends is 
nonzero only provided that [Rzhanitsyn, 1955]

 2 0P bEJ> > . (3)

All four roots of equation (2) are purely imagi-
nary while their moduli are given by

 
2

1 2 22 4
P P bz
EJ EJE J

= − − ,

 
2

2 2 22 4
P P bz
EJ EJE J

= + − .

The general solution to (1) that defi nes the de-
formed shape of the column axis is

v(x) = C1 sin z1x + C2 cos z1x + C3 sin z2x + C4 cos z2x.

The unknown constants are found from the bo-
undary conditions. For fi xed column ends, the dis-
placements and the strain fi rst derivatives should be 
zero at the ends: ( ) ( )I2 2 0v l v l± = ± = , with the ori-
gin of coordinates at the column midpoint and the 
length of the deformed column segment (equivalent 
to the weak soil thickness) denoted as l. The four lin-
ear algebraic equations with respect to four un-
knowns C1 – C4 obtained with any of these condi-
tions are homogeneous, and the determinant is equat-
ed to zero in order to fi nd nontrivial solutions. The 
determinant equation is

 1 2 1 2
2 1cos sin sin cos

2 2 2 2
z l z l z l z l

z z
⎛ ⎞

− + ×⎜ ⎟
⎝ ⎠

 1 2 2 1
2 1sin cos sin cos 0

2 2 2 2
z l z l z l z l

z z
⎛ ⎞

× − =⎜ ⎟
⎝ ⎠

.

The terms in braces refer to symmetrical and 
anti-symmetrical buckling. The first term corre-
sponds to symmetrical buckling and provides addi-
tional relationship for defi ning its shape: 

 1 1 2 2tg tgu u u u= , (4)

while for anti-symmetrical buckling,

 1 1 2 2ctg ctgu u u u= , (5)

where u1 = z1(l/2), u2 = z2(l/2). The critical load Np, 
as a function of the length l, is defi ned by the paramet-
ric equation (taking into account (4) or (5)):

 1 2

2 1

pN u u
u ubEJ

= + ; (6)

 1 24
2

( )
l u u

b EJ
= . (7)

For example, Np(l) for symmetrical buckling can 
be obtained by successive exclusion of u1 and u2 from 
(4), (6), (7).

Details of the critical load calculations are not 
very clear from the cited publications and require ad-
ditional explanation. Note that calculations of critical 
load in the theory of stability of column systems are 
preceded by estimation of the minimum column 
length at which the work of its material remains with-
in the elasticity limit under critical load. It is gener-
ally straightforward because the critical load is ex-
pressed explicitly via the initial model parameters in 
simple cases (without elastic response of the medi-
um), which is not our case though. Therefore, the ap-
plied and critical loads should be compared directly, 
after the critical load has been found, in order to 
check whether the material remains within the limits 
of elasticity: 

 p
e

N

S
≤ σ , (8)
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where, for a two-string casing design, the sting cross 
section area is S = 9.048⋅10–3 m2; Np is the critical load; 
σe is the yield (elasticity limit) of the casing material 
3.3⋅108  Pa (minimum for steel D used for the given 
casing). 

For standard-size double casing consisting of 
a surface conduct pipe (245 × 11 mm) and producti-
on casing (168 × 12 mm), with the total fl exural rigi-
dity EJ = 1.8⋅107 N⋅m2, the calculations are as follows. 
Hereafter the subscripts a and s refer to anti-symmet-
ric and symmetric solutions, respectively (e.g., Na or 
Ns for Np). In the case of anti-symmetrical buckling 
given by (5), u ctg u is an even function, and it is suf-
fi cient to consider the positive semi-axis of its do-
main. It zeroes at π/2, 3π/2, 5π/2, etc., has sin-
gularities at π, 2π, 3π , etc., and is monotonous wi-
thin the (0, π) interval between two adjacent singu-
larities. 

Expressing u2 via u1 by (5) reduces the system of 
(6) and (7) to two one-parameter functions Na(u1) 
and l(u1), and excluding the parameter u1 leads to the 
sought function Na(l). However, the main problem is 
to pick the minimum critical load among multiple 
possible solutions to (5) or (4) which are ambiguous 
by periodicity of trigonometric functions. For in-
stance, if the chosen values of u1 belong to the mo-
notonous interval from 0 to π, those of u2 can be cho-
sen from any monotonous interval, provided that 
u1 < u2, taking into account (3), and the number of 
solutions is infi nite. Enumeration of the intervals of 
initial values is possible also for u1. Thus, one has to 
choose the solutions that correspond to the minimum 
critical load for each specifi c l, which requires quite 
rigorous mathematical analysis of the problem and 
sidetracks the physical and engineering aspects of the 
issue. In this study, satisfactory solutions are chosen 
proceeding from natural requirements of continuity 
for Np(l), minimality of the critical load for the com-
pared solutions, and monotony for the decreasing 
function Np(l).

We do not analyze all possible solutions (some 
are given below) but just outline the principle algo-
rithm for the choice of the sought load value: u1 runs 
successively through the monotonous intervals of 
u ctg u taking values from the least possible to some 
maximum depending on the specifi ed interval of the 
column length, while u2 (defi ned by (5)) is chosen 
from the next monotonous interval with regard to 
u1 < u2. Although the function in (5) has its singu-
larities, thus found dependence Na(l) turns out to be 
continuous and corresponds to the minimum critical 
load at each l. Any other way of solving the problem 
(among those we tried) is inconsistent with at least 
one of the above conditions.

The variables u1 and u2 can be expressed via new 
variables α and β as

     1 (2 1)
2

u n π
= + + α , 

2
π

α ≤ , 2 (2 3)
2

u n π
= + +β, (9)

  
2
π

β ≤ , n = 0, 1, 2, …,

where n is the number of the monotonous interval 
of u  ctg  u. Substituting (9) into (5) and using the 
cotangent conversion formulas, we obtain instead of 
(5):

 (2 1) tg (2 3) tg
2 2

n nπ π⎛ ⎞ ⎛ ⎞
+ + α α = + +β β⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
. (10)

Calculations begin with numerical search of such 
β(α) value for each α from the interval specifi ed in 
(9) that ensures the fulfillment of (10) at given n 
(starting from n = 0). See the curves for n = 0 and 
n = 1 in Fig. 2, а.

With the found function β(α), the variables u1 
and u2 can be expressed as functions of a single pa-
rameter (α). Then equations (6) and (7) are used to 
plot the functions l(α) and Na(α), as in the example 
of Fig. 2, b for l as a function of α for two fi rst mo-
notonous intervals (n = 0 and n = 1) and b = 6⋅105 Pa. 
Note that the value of l(α) in the end of the fi rst mo-
notonous interval (n = 0, α → π/2) is the same as in 
the beginning of the second interval (n  =  1, 
α → –π/2). This ensures the continuity of l(α) across 
the interval boundaries (given the presence of a sin-
gularity in the cotangent, the function l(α) is sown at 
this point either with asymptotic relationships or by 
interpolation). The function value in the end of the 
second interval marks the upper bound of the length 
range (34.5 m in our case). If this value is insuffi  cient 
for investigating the stability of the system, the third 
monotonous interval is included assuming n = 2 in 
(10). At each monotonous interval, one can fi nd the 
function α(l) inverse to l(α) and substitute it into (6) 
to obtain the sought Na(l) for the chosen interval, for 
the entire range of the lengths (layer thicknesses) l 
with a suffi  cient number of successive intervals.

For the case of symmetrical buckling, the func-
tion Ns(l) is found in the same way but using (4) in-
stead of (5). Note however that the length ranges cor-
responding to the same n values are diff erent for sym-
metrical and anti-symmetrical buckling (other 

Fig. 2. Behavior of model functions. 
a: parameter β(α) in anti-symmetrical case (1 – n = 0; 2 – n = 1); 
b: length of deformed column segment in monotonous intervals 
(1 – n = 0; 2 – n = 1).
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parameters being equal). Namely, the lengths shown 
in Fig. 2, b, are in the ranges 0 < l < 20.5 m (at n = 0) 
and 20.5 m < l < 35.9 m (at n = 1) for anti-symmetri-
cal buckling but 0  <  l  <  12.5  m (at n  =  0) and 
12.5 m < l < 28.3 m (at n = 1) for the symmetrical 
case. This diff erence has bearing on the number of 
half-waves for the given lengths.

Figure 3 shows behavior of critical load for sym-
metrical Ns(l) and anti-symmetrical Na(l) buckling 
within the lengths 10 m < l < 42 m for four values of 
soil stiff ness: b = 6⋅105; 1⋅105; 6⋅104; and 2⋅104 Pa. The 
minimum critical load for the given casing design 
 (rigidity EJ) and soil properties (thickness l and stiff -
ness b) is the principal target of the casing stability 
calculations. 

The dependence of the minimum critical load on 
the length of the deformed segment (thickness of 
weak soil), in both symmetrical and anti-symmetrical 
cases, is quite complex, but its values are of the same 
order of magnitude in the two cases. This leads to al-
ternation of the length ranges which intermittently 
correspond to the minimum critical load for symmet-
rical or anti-symmetrical buckling. This alternation is 
especially evident at high soil stiff ness (Fig. 3, a). For 
short lengths (small thicknesses), the minimum criti-
cal load always corresponds to symmetrical buckling. 
In this range, the critical load decreases rapidly as the 
deformed segment becomes shorter (both for sym-

metrical and anti-symmetrical buckling). In the case 
of weaker soil, this range (corresponding to the mini-
mum for symmetrical buckling) broadens gradually 
(Fig.  3): 13  m (Fig.  3,  a), 19  m (Fig.  3,  b), 22  m 
(Fig. 3, c), and 31 m (Fig. 3, d). At b = 5 ⋅103 N/m2, 
the upper bound reaches 37 m. Note also that the ini-
tial segment spans the whole range of our interest 
(un til 42 m), where the minimum critical load corre-
sponds only to symmetrical buckling, if (4) or (5) are 
solved for u2 within an interval separated by another 
interval from the u1 variation domain rather than 
within the interval next to u1 (for this 2n + 5 is used 
instead of 2n + 3 in the right-hand sides of (9) and 
(10)). In that case, the minimum critical load always 
exceeds that in the solutions for adjacent intervals 
(Table 1).

Thus, due regard for the position of u1 and u2 in 
adjacent intervals is required in the search for the 
minimum critical load. Taking into account the above 
evidence of deformation from accidental wells, the 
target lengths (ice-rich layer thicknesses) are 20 and 
40 m. The calculated critical loads for symmetrical 
and anti-symmetrical buckling at diff erent soil stiff -
ness coefficients (including the minimum b  = 
= 5 ⋅103 Pa) are listed in Table 1, along with values 
based on solutions to (10) at every second interval 
(line 6), for comparison. The critical values for both 
lengths decrease monotonously as b decrease, for 
both symmetrical and anti-symmetrical buckling (ex-
cept for the case of an intermediate interval of much 
higher loads between the u1 and u2).

At a 40 m thick ice-rich layer (l = 40 m), the min-
imum critical load corresponds to symmetrical buck-
ling for all b, except 2 ⋅104 Pa (Table 1). However, 
symmetrical buckling with one half-wave, as in the 
Yamburg case (with the above limitations), is possi-
ble only at b = 5 ⋅103 Pa, while two or more half-waves 
form at all other b values. Therefore, soil in the weak 
layer should have rather low Young modulus in our 
case (which can be estimated specially near the acci-
dental well). 

Fig. 3. Behavior of critical load functions in cases of symmetrical and anti-symmetrical buckling: Ns(l) 
(line 1) and Na(l) (line 2), respectively, as diff erent soil stiff ness coeffi  cients: 
b = 6 ⋅105 Pa (a), b = 1 ⋅105 Pa (b), b = 6 ⋅104 Pa (c), and b = 2 ⋅104 Pa (d).

Ta b l e  1. Calculated critical loads (1 tf = 104 N)

No. b, Pa
Ns/Na, tf

l = 20 m l = 40 m
1 6 ⋅105 847/822 697/708
2 1 ⋅105 447/446 306/321
3 6 ⋅104 349/413 248/259
4 2 ⋅104 238/380 178/155
5 5 ⋅103 193/368 99/107

6* 5 ⋅103 715/1008 196/274

* Calculated for every second interval: 2n + 5 instead of 
2n + 3 in the right-hand side of (10).
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At a 20 m thick ice-rich layer (l = 20 m), four 
values of soil stiff ness from 6⋅104 Pa and lower corre-
spond to symmetrical buckling (lines 3–6 in Tab le 1). 
For two fi rst b values, the minimum load corresponds 
to anti-symmetrical buckling (lines 1, 2 in Table 1). 
Note that all loads exceeding 300 tf violate the condi-
tion (8), and a more complex version of the deforma-
tion theory for the casing material is required [Volmir, 
1967; Belyaev, 1975; Birger and Mavlyutov, 1980; 
Rzhanitsyn, 1982]. 

It is interesting to compare the obtained critical 
loads with the solution to the classical Euler buckling 
problem (in the absence of lateral support and hence 
elastic soil response: at b = 0), with the same model 
parameters of casing rigidity and length of the de-
formed column segment with either fi xed or free ends. 
In the classical problem, the minimum critical load 
that causes symmetrical buckling with one half-wave 
to a column with fi xed ends is given by [Birger and 
Mavlyutov, 1980]

 
2

2
4

s
EJN

l
π

= .

The resulting loads for l = 20 and 40 m are, re-
spectively, Ns = 177.5 and 44.4 tf (1 tf = 104 N). Com-
parison with the symmetrical critical loads in Table 1 
shows that lateral support from soil increases the 
load proportionally to soil stiff ness. This is consistent 
with the physics of the problem: the greater the soil 
resistance to deformation, the greater the load lead-
ing to irreversible failure. The values Ns = 177.5 and 
44.4 tf can be considered as the lower bound of criti-
cal load, at the respective lengths l, when b tends to 
zero. 

The form of the new (bent) column axis for sym-
metrical buckling vs(x) is defi ned by (with dimen-
sionless coordinates 2x/l → x):

 
( )

( )
( )

( )
1 2

1 2

cos ( ) cos ( )
( )

cos ( ) cos ( )s
u l x u l x

v x
u l u l

⋅ ⋅
= − .

It is accurate to the constant term, assumed to be 
1 (see below). The respective va(x) for the anti-sym-
metrical case is 

 
( )

( )
( )

( )
1 2

1 2

sin ( ) sin ( )
( )

sin ( ) sin ( )a
u l x u l x

v x
u l u l

⋅ ⋅
= − ,

where the functions u1(l) and u2(l) are found in the 
same way as Na(l) and Ns(l).

The number of half-waves depends on the num-
ber n of the interval where u1 falls at the given l. The 
respective new stable buckling shapes for the sym-
metrical case (Fig. 4, a), at n = 0 and 1, are: one half-
wave at n = 0 and three half-waves at n = 1. The re-
spective anti-symmetrical shapes (Fig. 4, b) are: two 
half-waves at n = 0 and four half-waves at n = 1. The 
minimum critical load that causes buckling of a col-
umn embedded into an elastic medium (soil), i.e., 
with lateral support, can produce more than one half-
wave, unlike the classical Euler’s model, without la-
teral support, where only one half-wave forms while 
more half-waves can appear only when the load ex-
ceeds the critical value. However, super-critical load-
ing would rather lead to failure than to another half-
wave [Belyaev, 1975; Birger and Mavlyutov, 1980; 
Rzhanitsyn, 1982]. 

Any kind of buckling poses risks to casing, but 
its specifi c shape is less important than the minimum 
critical load which is related directly with the casing 
design parameters. On the other hand, comparison of 
predicted and observed forms can help improving the 
calculation method. Note in this respect that the pre-

Fig. 4. Symmetrical (a) and anti-symmetrical (b) 
buckling. 
1 – n = 0; 2 – n = 1.

Fig. 5. Buckling in an accidental well at Yamburg 
fi eld.
Numerals on the left show defl ection (according to directional 
survey); 0.66 m above is wellhead subsidence. See text for ex-
planation.
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dicted buckling pattern with one half-wave, at n = 0 
(Fig. 4, a), is similar to that observed at the Yamburg 
site (Fig. 5). Interpretation of directional survey data 
used to model the buckling shapes may be ambiguous 
and problematic. Specifi cally, directional surveys ap-
plied and interpreted in diff erent times at the Yam-
burg fi eld indicate either symmetrical or anti-sym-
metrical buckling of the same casing. Therefore, the 
pattern of Fig. 5 is rather illustrative and requires 
updating. Previously we [Soldatov and Gorelik, 2015] 
used alternative directional data, interpreted as anti-
symmetrical buckling of the same well, when report-
ed preliminary results of our study.

As for the Vankor site, there is no casing defor-
mation data available. Generally, proceeding from the 
above results, either symmetrical or anti-symmetrical 
buckling can be expected at the minimum critical 
loads for the lengths l = 20 and 40 m, its magnitude 
depending on formation structure and the properties 
(stiff ness) of thawing soil. 

The suggested method for estimating critical 
load and shape of buckling, modified for practical 
uses, is quite straightforward and can be run auto-
matically with some simple software (i.e., in 
Mathcad). For this, all solutions are preliminarily di-
vided into symmetrical and anti-symmetrical sub-
groups, and monotonous intervals of the functions are 
selected within their determination domains, which 
facilitates the analysis. However, it is problematic to 
fi nd easy solutions for specifi c conditions if a general-
ized approach is used initially.

The above inferences should be compared with 
real loads in order to formulate recommendations for 
specifi c wells. 

3. Active vertical load 
The origin and magnitude of load applied to well 

casing is important for analysis of its stability. The 
very existence of additional axial load on foundation 
piles from thawing soil was fi rst noted by Pchelintsev 
[1956] who also estimated the magnitude of this load. 
The additional load from thawing soil on the surface 
elements of mines and oil or gas wells is obviously of 
the same nature. For piles it is calculated according to 
Construction Rules [2012], but its estimation in 
terms of the elasticity theory [Kultikov, 1989] has not 
reached much success, as the theoretical values have 
not been checked against observations. There is a 
method to account for this load using general equa-
tions of soil mechanics [Tertsagi, 1961], which one of 
us used to develop the respective design technology 
[Gazprom Company Standard, 2005], but the study 
has been incomplete. Numerical estimation of casing 
stability was applied to mines [Guriyanov, 2000], and 
similar approaches for wells and vertical mines were 
reported by Bratsev and Zhukov [1965] and Khrusta-
lev and Ershov [1999]. These approaches and methods 
result from years-long research by a group from the 

Northern Division of the Gersevanov Research Insti-
tute of Bases and Underground Structures (NIIO-
SP) in Vorkuta: theoretical and experimental studies 
of processes around vertical mines and other struc-
tures upon frozen soil subject to thawing during op-
eration. Although these methods have not been suffi  -
ciently grounded, they are used in design of mines in 
permafrost, and their results agree the best with ob-
servations at the operated sites. Therefore, the same 
methods are applicable to estimation of additional 
axial load on production well casing associated with 
permafrost thawing. 

The total axial load on casing (G) consists of the 
weight of pipes Q and negative friction F. The nega-
tive friction in a vertical mine of the radius r and the 
height H, with the radius of thaw rocks around it R is 
given by [Bratsev and Zhukov, 1965] 

 F = πrRρgH, (11)

where ρ is the density of unfrozen soil; g = 9.81 m/с2. 
Importantly, (11) includes the current thaw radius and, 
hence, records time dependence of the load. The thaw 
radius dependence of the load is distinctly traceable 
to about 4 m and then becomes weak (i.e., R = 4 m is 
used in (11) if the real radius is larger) [Bratsev and 
Zhukov, 1965]. It means that the eff ect of thaw radius 
is detectable only for a few years of operation. 

Note, however, that the above calculations were 
for a single well, where unfrozen soil within the thaw 
radius is surrounded by frozen soil which acts as an 
additional stiff  wall taking up a large part of load from 
thawing soil. In the case of multiple wells in pads 
with small spacing, the thaw zones may coalesce and 
the stiff  frozen wall may fail. Then, the thaw radius in 
(11) should be meant as some eff ective value subject 
to change until half-spacing of wells. Growing thaw 
radius may infl uence negative friction and increase 
buckling risks. This explains why the Safety Rules 
[2003] postulate avoiding coalescence of thaw zones 
around neighboring wells. 

The negative friction F can be estimated to vary 
from 300–400 to 1000 tf, if the thaw radius in (11) is 
assumed to be r = 0.2 m (including the outer annu-
lus), the R range in the first years of operation is 
2–4 m, the soil density is ρ = 1500–2000 kg/m3, and 
H = 200 m. Of course, F may be smaller (e.g., at a 
small thaw radius), but it is essential that the quoted 
values are possible at certain conditions. 

For a 200 m long casing in a standard two-string 
design, the weight of pipes Q (including back-fi ll ma-
terial and production tree) is 79.4 tf (at the density of 
steel ρs = 7800 kg/m3 and cement ρc = 1800 kg/m3 
and the linear weight of casing q = 0.222 tf per me-
ter). Thus, the range of possible axial load variations, 
with regard to the casing weight, does not change 
much. 

This actual load exceeds the estimated critical 
values and poses buckling risks to double casing if the 
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ice-rich layer is 20 and 40 m thick, at all soil stiff ness 
coeffi  cients used in our calculations (Fig. 3; Table 1). 
On the other hand, additional calculations show that 
the failure hazard can be reduced by using stronger 
casing (e.g., three-string design).

4. Estimating soil stiff ness
The soil stiffness b was assumed to be within 

103–106 Pa in the calculations of critical load in Sec-
tion 2, without justifi cation. This coeffi  cient can be 
quite reliably estimated for soils with a relatively 
high Young modulus but is often hard to constrain for 
weak soils. 

In its physics, the stiff ness of soil (its elastic re-
sponse to deformation) is close, in the linear approxi-
mation, to its Young modulus (E) or compressibility 
(а), an inverse of E. This makes basis for the theoreti-
cal estimation (e.g., [Milyaev, 2007]), but empirical 
methods proceeding from E or a determinations re-
main the most reliable [Construction Norms and Regu-
lations, 1986]. The compressibility of thawing soil can 
be estimated in laboratory according to the State 
Standard [2010], provided that (i) melt water can be 
drained out of the soil sample; (ii) prior to thawing, 
the sample is loaded by a weight equivalent to the 
overburden at its in situ depth. Both conditions natu-
rally work for soils and foundations within 10 m be-
low the surface, but problems may arise in the case of 
large depths (100 m or more, as in test wells drilled at 
the Yamburg fi eld). For instance, it is impossible to 
drain water out of thawing soil sandwiched between 
dense clay layers (aquicludes), where the soil remains 
poorly compacted and unconsolidated: the fi rst con-
dition fails. The other condition fails as well, because 
the conventional compressors cannot maintain the 
2–4 MPa load that would correspond to overburden 
at the 100–200 m depths. Unfortunately, the inspec-
tion reports from the Yamburg test wells provide no 
explanation for this issue. In the absence of such load-
ing, the coeffi  cient b becomes overestimated at the 
account of soil swelling [Guidelines, 1973; Mazurov, 
1975; Ershov, 1985].

Thus, the methods for estimating soil stiff ness for 
well casing stability in thawing permafrost remain 
poorly elaborated. Taking into account our results, 
the minimum stiffness (of the order of 107 Pa) as-
sumed according to the current building regulations 
[Construction Norms and Regulations, 1986] must be 
overestimated with respect to the real value. For this 
reason, the coeffi  cients b in the above calculations are 
two or three orders of magnitude lower than those for 
standard elastic soils.

CONCLUSIONS

We have estimated critical loads required to 
cause buckling of laterally supported well casing and 
compared them with actual loads produced by nega-

tive friction during thawing of permafrost at specifi c 
oil and gas fields where emergency deformation of 
production wells was observed. The results allow the 
following inferences.

1. The magnitude of critical load on well casing 
in permafrost depends on thickness of ice-rich soil, 
stiff ness of thawing soil, and strength (fl exural rigid-
ity) of the casing. The minimum critical load is a com-
plex function of ice-rich thickness while well casing 
may experience either symmetrical or anti-symmetri-
cal buckling with respect to the midpoint of the de-
formed segment. The number of buckling half-waves 
depends on the length of the deformed segment, other 
parameters being invariable, at least one half-wave at 
symmetrical buckling and two half-waves in the anti-
symmetrical case. The deformation revealed instru-
mentally in accidental wells at the Yamburg fi eld cor-
responds to symmetrical buckling.

2. Axial loads upon well casing are primarily due 
to negative friction produced by thawing soil and 
may range from a few hundreds to 1000 tf (depending 
on parameter values) and may exceed the minimum 
critical load leading to buckling (most often 100 to 
500 tf, Table 1). Thus, production wells supported 
laterally by thawing soil around them are indeed 
prone to buckling, as the actual load often exceeds 
the critical value. 

3. Deformation of this kind typically occurs at 
depths of 100 m or more, where negative friction is 
quite large (as it increases depthward), and is induced 
by thawing of ice-rich soil sandwiched between dense 
clay of high thawing strength. In some cases, cave-in 
between clay layers may act as such a weak layer.

4. Stronger casing, with three-string design, can 
reduce buckling risks in wells placed in deeply buried 
permafrost.

5. Design for placement of well pads in perma-
frost requires special attention to location and thick-
ness of ice-rich soil. Methods for estimating deforma-
tion parameters of thawing soils at depths below 
100 m need further development.
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