
45

Earth`s Cryosphere, 2017, vol. XXI, No. 3, pp. 45–54 http://earthcryosphere.ru/

DOI: 10.21782/EC2541-9994-2017-3(45-54)

CORRECTNESS OF FORMULATION AND SOLUTION
OF THERMOTECHNICAL PROBLEMS OF FORECASTING TEMPERATURE

FIELD DYNAMICS IN THE GROUND BASE OF STRUCTURES ON PERMAFROST 

J.B. Gorelik1, D.S. Pazderin2

1Earth Cryosphere Institute, SB RAS, P/O box 1230, Tyumen, 625000, Russia; gorelik@ikz.ru
2OOO “Gazpromneft–Yamal”, 8B, 50 let Oktyabrya str., Tyumen, 625048, Russia; Pazderin.DS@tmn.gazprom-neft.ru

The paper discusses correctness of choice of boundary conditions for the upper and lower bounds of the 
computational domain, along with the problem of selecting the lower boundary position. It has been demon-
strated by calculations that the incorrectly specifi ed parameters of the upper boundary may lead to an unsub-
stantiated assertion about the cooling eff ect in the ground base of a structure, while the predicted thawing depth 
can be underestimated by several times in comparison with the actual one. Similarly, the “predicted” surface 
warming eff ect may not take place in reality. The wrong choice of the lower bound position of the computa-
tional domain can signifi cantly exacerbate these eff ects. The proposed procedure for the correct choice of the 
upper boundary condition parameters for the soil surface-atmosphere interface is based on iterative matching 
of the condition parameters using a limited set of actual data on temperature at the zero amplitude depth and 
seasonal thaw depth, usually provided by typical geotechnical investigations. The study also addresses the 
problems of testing the developed algorithms and software products for the purpose of forecasting the thermal 
state of soils in the base of structures on permafrost.

Frozen ground, thermal engineering calculations, phase transition, active layer, boundary conditions, statio-
nary solutions, depth of zero amplitude 

INTRODUCTION 

Prediction of the thermal state of soils in the 
base of structures in the areas of permafrost distribu-
tion is fundamentally important for high quality de-
sign of structures [SP 25.13330-2012, 2012], their 
condition monitoring during in-service life, and for 
planning site-specific repair restoration measures 
[Popov, 2005].

The signifi cance of heat transfer predictions as 
part of geotechnical investigations is described in [SP 
11-105-97, 1999], while the requirements for the 
problem formulations and basic methods for their nu-
merical solution are prescribed by [RSN 87-67, 1988]. 
Although methods for such prediction have been well 
developed [Kudryavtsev, 1974, 1978; Khrustalev and 
Ershov, 1999], there still exist a number of questions 
critical for ensuring required accuracy and reliability 
of the calculations that have not thus far been thoro-
ughly discussed in the literature.

It should also be noted that current certifying 
practices for computational programs, disregarding 
thorough examination of basic principle of the meth-
ods applied, evaluate only some formal criteria, which 
can not guarantee the quality of entire computation 
process. Whilst the profound expertize primarily de-
mands that there are scientifi c publications on the is-
sues under discussion where the research methods are 
elaborated comprehensively and in great detail, and 
are available for assessing by peer-reviewers and in-
terested readers. 

1. CHALLENGING ISSUES
IN PREDICTIVE CALCULATIONS

The following aspects of predictive calculations 
may create challenges for software developers: a) se-
lecting specifi c parameters of the boundary condition 
for localities where soil mass comes in contact with 
the atmosphere; b) specifying position of the lower 
bound of the computational domain, depending on 
the projected forecast duration and the structure pa-
rameters; c) the nature of relationship between the 
mesh (elementary cells) of computational domain 
and the structure- ground interface; d) testing the 
fi nished software product.

1.1. Selection of boundary condition parameters
at sites with soil-atmosphere contact 

Problem formulation of the thermal interaction 
between the structure and frozen soils generally con-
siders semi-infi nite soil mass. The surface delimiting 
it from above outside the structure contour repre-
sents the boundary where necessary condition is to be 
specifi ed. In case of a buried structure (for example, 
the concept of pipeline installation underground), 
this condition is established over the entire boundary 
surface. The simplest of these conditions is the tem-
perature constancy (i.e. it is invariable irrespective of 
coordinates and time) at the boundary. This tempera-
ture is equated with the mean annual temperature at 
the surface of soil mass and is not to be confused with 
the mean annual air temperature. As the initial tem-
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perature distribution through the soil mass depth is 
often assumed to be uniform, the mean annual surface 
temperature is meant to be equal to the value of this 
initial temperature. It stands to reason that in the ab-
sence of structures, such a boundary condition en-
sures that the temperature is constant at the depth of 
zero amplitudes during any time interval (i.e. there is 
nothing that might cause its variability within the 
soil mass) and does not exert any disturbing eff ect, 
either cooling or heating, on the subjacent soil layers. 
This provides a foundation for solution of many prob-
lems arising from the estimation of structure’s infl u-
ences on soil, but not requiring higher accuracy of 
prediction. However, the application of this condi-
tion appears insuffi  cient and may fail to ensure the 
specifi ed accuracy of prediction in cases when: sea-
sonal temperature fl uctuations in the upper soil hori-
zon are remarkable (e.g., the use of ventilated under-
floor space with the load-bearing capacity of piles 
calculated accordingly); the parameters of the active 
layer are critical (e.g., the freeze-thaw depth in calcu-
lating tangential frost heave forces); other processes 
in the upper horizon of soil mass are concerned. In 
order to take into account the eff ect of seasonal fl uc-
tuations in the topsoil temperature, the third type 
boundary condition is usually preferred. 

 ( )0
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( ) ,v v
y

T K T T
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λ = − τ

∂
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where Kv is coeffi  cient of heat transfer processes be-
tween the ground surface and the atmospheric air; T 
is soil temperature (in the one-dimensional case under 
consideration, it is a function of the vertical coordinate 
y in the plots for soil mass and time τ); T0 is unknown 
temperature of the upper boundary of soil mass; Tv is 
the air temperature (periodic function of time with 
1 year period); λ is thermal conductivity of ground.

The annual course of air temperature Tv(τ) is as-
sumed to be specifi ed, whereas heat transfer coeffi  -
cient may eff ectively include a whole group of factors 
acting from the surface whose number is fairly sig-
nifi cant, and they can be subdivided into two groups: 
a) climatic factors (annual air temperature variabili-
ty, precipitation dynamics split into summer and 
 winter periods, and annual wind-speed dynamics); 
b) physiographic landscape state factors (the nature 
of the relief transformations, characteristic variations 
in its slopeness, dissection degree, surface water fl ow 
velocity, type of surface sediments, vegetation cover, 
etc.). In terms of forecasting effi  ciency, the nature of 
climate-driven variability of landscape factors can de-
servingly be made a focus of research, however this 
aspect is not imperative in this paper. In the absence 
of erected structures, the impact of the two groups of 
factors on temperature regime in the base soils ap-
pears governing, whilst either of them may become 
dominant, depending on the combinations of specifi c 

conditions. Taking into account a host of surface ef-
fects is essential for solving the fundamental problem 
of determining the role of each factor in shaping the 
temperature regime of the subjacent soil mass [Pav-
lov, 1984].

In a natural-technogenic system, where the nat-
ural component acts usually most appreciably and 
unintuitively it is impossible to “sever” it from other 
factors, to analyze it individually. As such, determina-
tion of the total heat transfer coeffi  cient for a specifi c 
construction site would be technically impossible be-
cause of the unidentifi able individual contributions 
from other factors to the total value of this coeffi  cient. 
The absence of a procedure for ranking individual in-
puts of the factors does not allow assessing their eff ect 
(cumulatively representing the surface impact) on 
temperature regime of the base soils, relying on just 
few factors arbitrarily selected from the total group 
(even taking into account the weather station data). 
Therefore, unlike the foregoing fundamental problem, 
selection of the upper boundary condition parameters 
in the technical problem formulation should be based 
on diff erent considerations, such as achieving a good 
match with some limited set of real data. 

Without this procedure, results of calculations 
will be unreliable and can not be accepted as com-
pletely adequate. Besides, the incorrectly specifi ed 
parameters of this condition tend to lead either to a 
cooling eff ect from the surface, as soil temperature de-
creases with time (without any dedicated cooling sys-
tems involved), or to the temperature rise, which is 
capable to trigger the thawing processes and further 
warming in the range of positive temperatures. In the 
engineering geocryological problems, consideration 
of the unifi ed eff ect of the surface controls in the up-
per boundary condition thus needs to be replaced by 
a fairly simple and reliable procedure. The substantia-
tion thereof is given below. 

Supposing, the climate change-driven long-peri-
od fl uctuations of the ground surface temperature are 
totally ignored, then the formation of actual tempera-
ture regime of the soil mass in natural conditions (i.e., 
in intact state and in the absence of any eff ect from 
buildings or other structures) will be governed by 
seasonal air temperature fluctuations and a whole 
range of surface factors contributing to the eff ect fair-
ly persistently. 

Temperature at the depth of zero amplitudes rep-
resents an important invariable that characterizes the 
resultant thermal state of soil mass. If the value of 
heat transfer coeffi  cient Kv in condition (1) is selected 
so that, given the existing seasonal air temperature 
variation Tv(τ) pattern, the estimated temperature of 
soil mass (in the absence of erected structure, but 
during its projected in-service life) will remain con-
stant, with the required accuracy, then (1) can be 
taken as a boundary condition for prediction of the 
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temperature regime of soils (also in the presence of a 
structure). This securely precludes any additional im-
pact on the base soils from the surface, allowing to 
identify the eff ect exerted by the structure on frozen 
soils alone. The calculated soil temperature variation 
at the depth of zero amplitudes under “no-structure” 
conditions, given that coeffi  cient Kv is selected arbi-
trarily (which is frequent even in project calculations, 
and is sometimes an option in the related literature) 
bears the evidence of an erroneously chosen value of 
this parameter and of inadequate application of the 
upper boundary condition in the calculation proce-
dure. When necessary, the testing procedure can be 
supplemented with other fi eld data, such as seasonal 
freeze/thaw depth, which is also determined at the 
geotechnical investigations stage. In this case, stric-
ter requirements may be applied to the parameters of 
condition (1).

1.2. Selection of lower bound position
of the computational domain

Position of the lower bound of computational 
domain, if defi ned incorrectly, can signifi cantly dete-
riorate the forecast results, which can be explained by 
heat propagation in soil mass described by a pa rabolic 
equation with attributed infi nite velocity of per tur-
bations in the considered propagation medium [Tik-
honov and Samarskii, 1972]. Which means that the 
impact of heat released from the structure instantly 
expands into the soil mass at any depth. In the nu-
merical schemes, it is critical to delimit the depth of 
the computational domain and specify a relevant con-
dition (either by temperature or heat flow) at the 
lower bound. In case the chosen lower boundary fails 
to be positioned at a reasonably remote distance from 
the structure generally located near the upper inter-
face of the soil mass, the eff ect of the lower boundary 
condition during its operating life may turn out 
strong enough to cancel out the structure’s eff ect near 
the lower boundary (which should be evident from 
the precise problem formulation), and will ultimately 
impair the calculation results.

The lower bound position of the computational 
domain can be estimated after [Barenblatt, 1954] who 
introduced a radius of thermal action from the heat 
source L(τ) in the medium, with the expression for 
the planar case written as 

 ( ) 6 ,L τ = μτ  (2)

where μ is thermal conductivity of soil; τ is projected 
in-service time of the structure.

Alternative procedure consists in obtaining the 
lower boundary from iterations to specify its position 
so that it no longer affects the calculation results 
 during the structure’s operation life. Note that it 
wouldn’t be appropriate to derive the lower bound of 
the computational domain from the position of the 
lowest point of the stationary thaw bowl depth be-

neath the structure. Due to a signifi cant diff erence 
between the initial temperature of the frozen soil and 
its phase transition point, the thermal eff ect of the 
zero isotherm tends to propagate even lower along 
the section.

1.3. The nature of interfacing elementary cells
of computational domain and structure outlines

In many tasks, interfacing of structure coupled 
with splitting the computational domain into unit 
cells is often a challenge. This problem is usually 
solved by approximating the structure bounds with 
related forms of n-sided polygons. Thus, a round-
shaped cross-section of pipes is replaced by a poly-
gon-shaped cross-section, while total heat fl ux pass-
ing through the faces of the latter is equated with the 
heat fl ow passing through the wall of the projected 
pipeline. Substantiation of this method suitable for 
numerous applications to mathematical physics can 
be found in [Lavrentiev and Shabat, 1958]. The cal-
culation examples show that the temperature fi eld of 
“n-sided polygon pipes” almost coincides with that of 
circular pipes even at distances equal to one or two 
pipe radii [Yanitsky, 1981; Danielyan and Yanitsky, 
1987; Mikhailov, 2012]. Investigating this problem 
with greater detail is beyond the scope of this paper.

1.4. Software product testing
A good match between the calculation results 

and geotechnical monitoring data during construc-
tion is considered to be suffi  cient (for example, [Po-
pov, 2005]) to ascertain high quality of the calcula-
tion methods. In the context of natural-technogenic 
systems, however, it is impossible to create strictly 
controlled (laboratory) conditions for their observa-
tions. Such a good fi t can be therefore short-lived or 
simply incidental. Besides, to confi rm the quality of 
their products, the developers of calculation tools of-
ten use the monitoring data for annual update of the 
initial conditions of the problem, providing thereby 
the evidence of multi-year compliance of the calcula-
tion results with the monitoring data whose multi-
tude can serve as short-term forecasts. As such, they 
replace the long-term forecast (its signifi cance ap-
pears the greatest at the design stage, when neither 
the monitoring network and, hence, no observational 
data are available). Once the factual data become 
available, the value of such method tends to be fairly 
low, with the next-to-none chances to assess the qual-
ity of the calculus product. The quality of computa-
tional methods should therefore be verifi ed by their 
comparing either with accurate analytical or well-
grounded and tried approximate solutions. At this, 
good agreement between the calculation results and 
the monitoring observations continues to serve as 
quality criteria for longer term forecasts covering, 
however, the entire operating life of the structure and 
providing no annual adjustment of the initial condi-
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tions. Therefore, it should be applied as soon as any 
deviations in the calculated and observed values be-
gin to show, with the exanimation of their causes, in 
pa rallel. Given that well-substantiated calculation 
me thods are employed, the latter are likely to be 
sought in the low-quality input data on soils proper-
ties and on latent (unidentifi ed) processes in the base 
soils. 

Among the solutions applicable to testing the 
operation programs are: precise stationary solutions 
for a case of semi-infi nite medium [Porkhaev, 1970; 
Kutateladze, 1979]; one-dimensional solutions for 
Stefan problem with one and two fronts obtained by 
the explicitly formulated preconditions for the ap-
proximations made [Kudryavtsev, 1974, 1978; Gorelik 
et al., 2014]; the solutions for the phase-transition 
front propagation dynamics calculated, for example, 
by successive change of stationary states [Porkhaev, 
1970]. 

Both the solution to these issues and their role in 
the development of the calculation procedures can be 
examplifi ed by the forecast of changes in the state of 
frozen base soils underlying the single-trunk pipeline 
system during its underground laying. 

2. PROCEDURE FOR SELECTING
THE UPPER BOUNDARY CONDITION
AND THE LOWER BOUND POSITION
OF THE COMPUTATIONAL DOMAIN 

The construction of underground trunk pipeline 
with heating medium temperature above 0 °C in per-
mafrost regions are liable to cause thawing of frozen 
ground. If ice content of the frozen soils is high to 
very high and they are characterized by a remarkably 
high thawing index (A) (provisionally, A > 0.1), both 
soil settlement and resulting pipeline deformations 
will become irreversible, posing thereby potential 
hazards during its operation. To ensure the structure 
safety, it is critical to have thermotechnical calcula-
tions for the pipeline – frozen soils interactions for 
the entire operation life. Taking into account the 
downward action of seasonal freeze/thaw cycles from 
the surface, as well as thawing dynamics around the 
pipeline, the calculus of thermal state dynamics at the 
pipeline base qualify as the type of complex (multi-
front) Stefan problems.

However, both the problem formulation and 
techniques for solving it have been fairly long known 
[Kudryavtsev, 1974], as well as examples of their ap-
plications, as discussed in [Danielyan and Yanitsky, 
1987; Pazderin, 2014]. To address these here, we will 
follow the methods discussed in [Pazderin, 2014]. In 
order to clarify the procedure for selecting the upper 
boundary condition parameters, the problem formu-
lation will be given only for freeze-thaw processes 
from the soil mass surface and temperature variation 
at its interior points, under “no-pipeline” conditions. 

The problem formulation includes the heat equa-
tion for half-space, which is written in the enthalpy 
form [Samarskii and Vabishchevich, 2003]:

 ,H T
y y
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where enthalpy H(T) is a function of temperature and 
is determined subject to the heat of phase transition 
localized near the phase boundary (soil mass is assumed 
to have homogeneous ground properties): 
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Here, γ, γs are bulk densities of soil and of soil 
skeleton, respectively; Cu, Cf are heat capacities of 
thawed and frozen soil; λ is heat conductivity (tem-
perature functions: λu for thawed state, λf for frozen 
state); Lf = κw; κ = 3.34·105 J/kg is specifi c heat of 
water–to-ice transition; w – moisture content (by 
weight) of soil (unit fr.).

Diff erentiation with respect to temperature and 
time in the left-hand side of equation (3) yields a fac-
tor in front of the temperature derivative with re-
spect to time, which is interpreted to be eff ective heat 
capacity of soil. The factor includes temperature-de-
pendent δ-function that can be subjected to smoo-
thing procedure [Samarskii and Vabishchevich, 2003]. 
The numerical solution of equation (3) does not re-
quire specifying the boundary conditions at the mo-
ving interface.

The upper boundary condition for equation (3) 
is chosen as (1). In the proposed approach, estimating 
the maximum possible value of the heat transfer coef-
fi cient derived from each of the infl uencing factors 
inherent in its specifi c physical and geographical con-
ditions would be suffi  cient, and after summing them 
up, to write down the maximum possible value of Kv 
coeffi  cient whose variability is further taken as devel-
oping from zero to its maximum value, whereas its 
selection is governed in each case by the best match 
criterion for calculated and actual temperature values 
at the depth of zero amplitudes and seasonal thaw 
depth. Aiming to describe the selection procedure for 
Kv in a most illuminating way, we consider the infl u-
ences of climatic factors alone, neglecting that of the 
landscape (the surface of soil mass is assumed to be 
horizontal and smooth). More complicated cases of 
heat transfer processes will be dealt with in our future 
following publications. 

The heat transfer coeffi  cient Kv displays a strong 
seasonality due to a signifi cant impact from the snow 
cover (during winter) and summer-time convection 
(at the open surface) on the heat transfer processes. 
With the snow cover depth averaging 0.5 m, its den-
sity of 150–300  kg/m3 and thermal conductivity 
varying from 0.03 to 0.30 W/(m·°C), this coeffi  cient 
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calculated from thermal resistance of the layer equals 
1–4 W/(m2·°С). The estimation of its value by the 
wind component of summer-time heat transfer (aver-
age wind speed: 5–15 m/s) resulted in its value rang-
ing between 10 and 40 W/(m2·°С). During the season 
the coefficient variabilty is found not significant 
within a given region, though [Kudryavtsev, 1974]. 
Therefore, it can be determined as a certain mean in-
variable value for either summer or winter seasons. A 
cumulative heat transfer coeffi  cient Kv for the whole 
year can be defi ned as a piecewise constant function. 

The initial condition is set as temperature which 
is constant throughout the section Ti < 0 (in calcula-
tion examples, Ti = –2 °С).

The problem of the lower bound position of the 
computational domain should be considered along 
with specifying the upper boundary condition param-
eters, as their infl uence on the calculation results can 
be equaled. As a fi rst step in selecting these parame-
ters, the following procedure can be proposed: we 
document the values taken as a basis for some pre-
liminary estimated seasonal values of Kv coeffi  cient 
(designated as Kvs for summer and Kvw for winter).

Then, the radius of thermal eff ect L(τ) is estimat-
ed using formula (2). To illustrate this, we take 
τ = 30 years, while μ having value of the order of 
10–6  m2/s can be derived from the frozen ground 
properties. For L(τ), calculations yielded the values 
70–80 m (depending on the variability range of μ). 
This value is taken as a benchmark for the lower 
bound position of the computational region. Howev-
er, if we want to increase reliability of the subsequent 
calculations when selecting this position, it is advis-
able, in the fi rst iteration, to take the value at least 
2 times greater than the estimated radius of infl uence. 
Given the recent advances in computing technologies 
and well-established robust computational proce-
dure, the time for solving one-dimensional problem 
(3), (4) with boundary condition (1) is a matter of 
few minutes for any of these variants. It is also in-
sightful to unravel the extent to what the type of 
boundary condition at the lower bound aff ects the 
calculation results. In the examples of calculations 
discussed below, the lower bound position of the com-
putational domain is taken at point Y = 200 m, and 
the calculations were performed in two variants of 
the boundary condition at this interface: a) the heat 
fl ow zero: qb = 0; b) invariable temperature Tb (which 
is equal to the initial value Tb = –2 °С). The values of 
seasonal invariables in Kv coeffi  cient in the fi rst itera-
tion are taken as the maximum of the above ranges 
(40 W/(m2·°С) for summer and 4 W/(m2·°С) for win-
ter periods), whereas in the subsequent iterations 
they monotonously decrease by 0.1 from the maxi-
mum value in a stepwise manner: fi rst the summer-
time value change with winter-time values remaining 
constant, then the winter-time values change with 
constant summer-time values, etc.

The values of temperature at a depth of 15 m 
(the nominal depth of zero amplitudes) and of maxi-
mum depth of seasonal thawing were taken to be the 
test parameters in each variant of the calculation. 
Both parameters of coeffi  cient Kv are considered to be 
matched in the procedure if the temperature at the 
zero amplitudes depth does not change by more than 
0.1 °C during the estimated time, and the maximum 
thawing depth coincides with the conditionally ac-
cepted actual value of 1.3 m. Given that in this case, 
the procedure is not linked with any particular terri-
torial conditions, it generates interest only in meth-
odological terms. 

For each of the calculation variants, the charac-
teristics of soils are assumed to be invariable through-
out the section (individually, for thawed and frozen 
soils): λu  =  1.61  W/(m·°С), λf  =  1.92  W/(m·°С), 
γCu  =  3.39  MJ/(m3·°С), γCf  =  2.13  MJ/(m3·°С), 
γs = 1030 kg/m3, w = 0.56. Temperature for the onset 
of phase transition is Tf = –0.2 °C. According to the 
above data μ = 0.90 ·10–6 m2/с.

The air temperature pattern for the year is as-
sumed to have the form of a piecewise constant func-
tion compiled from the mean monthly temperatures. 
The calculation examples are based on the Urengoy 
weather station data [SP 131.13330-2012, 2012] list-
ed in Table 1.The problem is solved numerically, with 
the use of a finite-difference scheme where the 
sought-for function domain is covered by the compu-
tational grid [Aziz and Settari, 2004]. The control vol-
ume approach applied to the model allows to obtain 
discrete analogs of the equations [Patankar, 2003].

The system of four equations (1), (3), (4) and 
boundary condition at the lower bound were solved 
in MATLAB. 

Fig. 1 represents a temperature versus depth dia-
gram for the intermediate values of coeffi  cients Kvs 
and Kvw (not meeting the correctness requirements) 
for the zero heat fl ow at the lower bound of the com-
putational domain. The same dependence for the pa-
rameters that fulfil such requirements is shown in 
Fig. 2. The curves scatter near the zero point in the 
left-hand part of the diagrams shows the temperature 
behavior reported for each of the 12 months of the fi -
nal (30th) calculation year, while their merging point 
at a depth of about 15 m shows the penetration depth 

Ta b l e  1. Climatic data from
 the Urengoy weather station

Month Mean air tem-
perature, °С Month Mean air tem-

perature, °С
January –26.4 July 15.4

February –26.4 August 11.3
March –19.2 September 5.2
April –10.3 October –6.3
May –2.6 November –18.2
June 8.4 December –24.0
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of seasonal temperature fl uctuations (i.e., the depth of 
zero amplitudes).

When the temperature constant Tb = Ti = –2 °С 
is set at the lower boundary, substituting the qb = 0 
condition, both variants of calculations lead to practi-
cally identical temperature distributions for the re-
spective heat transfer coeffi  cients (Fig. 1, 2). The ob-
tained results shown in Fig. 1 and 2 therefore do not 
depend on the lower boundary condition type. 

The calculation results in Fig. 1 indicate that if 
the selected parameters of Kv coeffi  cient do not en-
sure fulfi llment of the formulated requirements, the 
temperature curve below the depth of zero ampli-
tudes will consist of two localities having diff erent 
behavior patterns. The fi rst one that accounts for the 
15–80 m interval has a pronounced gradient temper-
ature providing thereby a cooling eff ect on the under-
lying soils. The 80 m mark designates a distance at 
which thermal eff ect of the surface begins to be felt in 
30 years’ time, which roughly agrees with the above 
estimated radius L(τ) of thermal eff ect. This infl uence 
will expand deeper into soil mass, thereafter. As the 
second locality (interval from the 80 m mark to the 
200 m lower bound of the domain) has no gradient, 
this region was not subjected to thermal infl uence of 
the surface (to the extent that it can be visually dis-
cerned) during the span of 30 years. The temperature 
along this area remains practically invariable, equal 
to the initial value –2 °С, irrespective of the type of 
the boundary condition at the lower bound. Howev-
er, the presence of the fi rst (gradient) locality is in-
dicative of the upper boundary condition with the 
incorrectly chosen parameters, which is liable to 
cause cooling in the soil base. Without any specially 
designed cooling systems, the temperature drops 
down to –5 °С at a depth of 15 m, failing to provide 
stability of the base state under natural conditions. 
Heat transfer parameters can be selected without dif-
fi culty suggesting that the surface will have the op-
posite (warming) eff ect on the underlying soils.

Alternatively, the correctly selected parameters 
provide a gradient-free temperature distribution be-
low the depth of zero amplitudes, ensuring thereby 
the thermal state stability of the soil mass under nat-
ural conditions. This distribution pattern does not 
depend on the boundary condition type at the lower 
bound of the computational region (Fig. 2).

In case of improperly selected parameters of the 
heat transfer coeffi  cient and when choosing the lower 
bound position of the computational domain at points 
smaller than the radius of the thermal eff ect within a 
given period, the upper boundary will have eff ect on 
the temperature of the underlying soils to a far great-
er extent. 

Given this boundary position in the point 
Y = 30 m and with other input parameters identical to 
the fi rst variant (Fig. 1), the entire soil stratum below 
the zero-amplitude depth experiences cooling down 
to a temperature of –5 °С (Fig. 3, a). As such, the 
zero condition for the heat fl ow at the lower boun-
dary contributes to the cooling process, being equiva-
lent to the eff ect of ideal thermal insulation at a depth 
of Y = 30 m, which completely precludes heat transfer 
in the subjacent soils whose warming eff ect is exerted 
on the overlying layers (Fig. 1). It stands to reason 
that the value of fi xed temperature set at the lower 
boundary is not subject to changing over time; how-
ever, in the subsurface, below the depth of zero-point 
oscillations, the cooling eff ect of the surface is also 
manifest due to the gradient distribution of the low-
est temperatures (approaching –4 °С), in the proxim-
ity of the zero amplitudes depth (Fig. 3, b). In this 
case, the cooling eff ect appears less pronounced than 
in the previous one, as the accepted boundary condi-
tion refl ects the heating eff ect of the underlying soil 
layers. In case of well-defined heat transfer para-
meters, the calculation results ensure temperature 
stability in soil layers below the depth of zero ampli-
tudes at the level of initial value –2 °С, irrespective of 
the boundary condition type at the lower bound 

Fig. 1. Temperature distribution in the soil mass in 
the absence of structure:
Kvs  =  23.2  W/(m2⋅°C), Kvw  =  2.9  W/(m2⋅°C), Y  =  200  m, 
q = 0 W/m2, Ti = –2 °C, τ = 30 years.

Fig. 2. Temperature distribution in the soil mass in 
the absence of structure:
Kvs = 23.2 W/(m2⋅°C), Kvw = 1.16 W/(m2⋅°C), Y = 200 m, 
q = 0 W/m2, Ti = –2 °С, τ = 30 years.
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(Fig. 3, c, d). This means that, given the correctly se-
lected surface heat transfer parameters, the cumu-
lative thermal eff ect of the surface on soil mass (as 
ma nifested at the zero- and below zero-point tem-
perature oscillations) equals zero. The finilized 
matching procedure thus  allows to take the upper 
boundary condition as (1) with parameters Kvs = 
= 23.2 W/(m2·°С), Kvw = 1.16 W/(m2·°С) for the sub-
sequent calculations of temperature fi eld at the base 
soils of structures for the given (model) area-specifi c 
conditions. At the same time, when calculating the 
temperature field at the structure foundation, the 
lower bound position of the computational domain 
should be taken not lower than the value of the radius 

of thermal eff ect during the estimated operating time 
of the structure, because in this case, the surface of 
soil mass aggravated by additional source of heat, pro-
duces an appreciable impact on the base soils.

As part of the procedure for selecting the upper 
boundary condition parameters, a fairly arbitrary 
form of the temperature versus depth function satis-
fying the stationarity condition can serve as the ini-
tial temperature distribution. Specifi cally, it can be a 
straight-line curve of the constant geothermal gradi-
ent. In this case, general procedure for selection of 
heat transfer parameters will remain unchanged, with 
the only diff erence that heat fl ow corresponding to 
geothermal gradient must be taken as the boundary 

Fig. 3. Temperature distribution in the soil mass in the absence of structure:
а – Kvs = 23.2 W/(m2·°C), Kvw = 2.90 W/(m2·°C), Y = 30 m, Ti = –2 °С, q = 0 W/m2, τ = 30 years; b – Kvs = 23.2 W/(m2·°C), 
Kvw = 2.90 W/(m2·°C), Y = 30 m, Ti = –2 °С, Tb = –2 °С, τ = 30 years; c – Kvs = 23.2 W/(m2·°C), Kvw = 1.16 W/(m2·°C), Y = 30 m, 
Ti = –2 °С, q = 0 W/m2, τ = 30 years; d – Kvs = 23.2 W/(m2·°C), Kvw = 1.16 W/(m2·°C), Y = 30 m, Ti = –2 °С, Tb = –2 °С, τ = 30 years.
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condition at the lower bound of the computational 
domain.

In case of a pronouncedly nonstationary pattern 
of the initial temperature distribution, the correct se-
lection of the upper boundary condition parameters 
will require analyzing the factors causing this. Any 
attempts to include their action in the parameters se-
lecting procedure have to be based on such analysis 
results. However, this aspect is not addressed specifi -
cally by this study.

3. PREDICTION OF SOIL TEMPERATURE
PROFILE AT THE SOIL BASE

OF BURIED PIPELINE

For calculation of the temperature fi eld dynam-
ics in the soil base of a buried “warm” pipeline, the 
following parameters were assumed: pipeline radius 
R = 0.5 m, heat insulation depth Δ = 0.1 m, its heat 
conductivity λi = 0.035 W/(m·°С), burial depth to 
pipeline center 2.0 m, petroleum product temperature 
Tp = 40.0 °С; initial condition Ti = –2.0 °С. Given that 
one-dimensional nature of the heat propagation pro-
cess is disturbed in the presence of a pipeline, it is 
necessary to consider a two-dimensional scheme of 
the process (in each section perpendicular to the 
pipeline axis) and introduce a restriction on horizon-
tal dimensions (length) of the computational domain. 
The region is assumed to be rectangular in shape, 
with a width X = 120 m and a depth Y = 200 m. At 
the lower boundary, as on the side boundaries, the 
condition qb = 0 is accepted. The estimated period is 
30 years. 

For this problem, the thermal conductivity equa-
tion (3) is true across the entire half-space, except for 

the interior of the circle corresponding to the pipeline 
cross section. The additional boundary condition on 
the inner wall of the pipe is written as the tempera-
ture constancy along the perimeter of the cross sec-
tion, equal to temperature Tp. The thermal insulation 
is taken into account by formulas of steady state loss 
of heat through cylindrical walls. Ultimately, this re-
lation has the form of the third type boundary condi-
tion with a given heat transfer coeffi  cient (Ki):

 ( )0i p
r R

T K T T
r = +Δ

∂
λ = −

∂
,

 
( )( )ln

ii
iK

R R R
λ

=
+ Δ

,

where r is the radial coordinate for soil points in the 
local cylindrical system connected to the pipe center; 
T0 is the unknown temperature of soil at the interface 
between the outer boundary of the thermal insulation.

A rounded section approximated by a 12-sided 
polygon was used for matching the pipe perimeter 
with the computational mesh.

The calculation results for two variants of the 
values for heat transfer coeffi  cient parameters from 
condition (1) used in Section 2 are shown in 
Fig. 4, a, b for December of the 30th year. For illustra-
tion purposes, the fi gures represent a fragment of the 
computational domain whose size corresponds to full-
scale dimensions 20 × 20 m, with the pipeline cross-
section included.

Their comparison provided insights about the 
incorrectly chosen coeffi  cient signifi cantly underpre-
dicting the calculated soil temperatures. In numerical 
terms, this is illustrated by the temperature values at 
two points (identical for both variants) in the soil 

Fig. 4. Temperature fi eld of soils in the base of buried pipeline for the end of the 30-year period:
а – Kvs = 23.2 W/(m2·°C), Kvw = 1.16 W/(m2·°C); b – Kvs = 23.2 W/(m2·°C), Kvw = 2.9 W/(m2·°C).
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mass. Accordingly, when the incorrectly calculated 
coeffi  cient is applied, the depth of thawing under the 
embedded pipe appears to be about 3.9 m (Fig. 4, b), 
which is greatly underestimated in comparison with 
the correct variant (about 7.4 m) of its application 
(Fig. 4, a). As such, almost two-fold underestimation 
of the calculated depth of thawing beneath the struc-
ture can lead to enforcement of inadequate technical 
solutions at the design stage and is fraught with seri-
ous implications during its operations.

4. ELEMENTS OF CALCULUS TEST 

Here we give an example of simple testing proce-
dure of the developed method for the correctly speci-
fied upper boundary condition, which consists in 
comparing its results for the longest projected time 
with the results of calculation of stationary position 
(i.e. ultimate extent) of the lower limit of thawing be-
neath the pipeline. One of the conditions for correct-
ness of the calculus scheme states that the calculated 
radius of thawing propagating in any of the direc-
tions, starting from the pipe center and not crossing 
the active layer, at each and every moment of time 
should not exceed its stationary value. Given that the 
radius of thawing processes propagating in any direc-
tion constitutes a monotonically increasing function 
of time, such a comparison should be made for the 
longest period of time, as long as it is practical in 
terms of technical and economic considerations. For-
mulas for calculating the stationary temperature fi eld 
around the buried pipeline with a constant soil tem-
perature across the section, which coincides with the 
temperature at its upper surface, are based on solu-
tion of Forchheimer’s equation [Porkhaev, 1970; Ku-
tateladze, 1979].

Having the same initial data as used in the above 
calculations, the stationary temperature fi eld around 
the pipeline has the form shown in Fig. 5, a. The nu-
merical solution corresponding to the calculation 
procedure in Fig. 3, a, specifically, for a period of 
30 years and more, shows that the radius of thawing 
obtained therewith tends to be smaller than the value 
given in Fig. 5, a. Its increase rate monotonically de-
creases with time, while in case of projected 100-year 
period of operation almost exactly coincides 
(Fig. 5, b) with its limiting value (Fig. 5, a). 

Discrepancies (less than 2 %) can be conditioned 
by the precise determination of the phase boundary 
position within individual cells (sized 0.1 × 0.1 m) the 
computational region is split into. Another approach 
to verify the correctness of the developed calculation 
procedure consists in comparing the results of numer-
ical calculations with the results of approximate solu-
tions of quasi-stationary models [Porkhaev, 1970], 
which have proven feasible in engineering calcula-
tions [Gorelik, 1983]. With this comparison approach, 
the estimates also exhibit a satisfactory convergence 
of the calculation results.

CONCLUSIONS

1. Solving the problems of forecasting soil tem-
perature dynamics at the base of structures erected in 
permafrost regions is associated with taking into ac-
count the impact of both technogenic and natural fac-
tors governing the heat transfer processes. Because of 
the multitude of natural factors liable for the process-
es on the surface of soil mass, determination of the 
total heat transfer coeffi  cient refl ecting the combined 
eff ect of all controls appears impossible for a particu-
lar construction site.

Fig. 5. Results of two variants of calculation of temperature fi eld near the buried pipeline: 
а – stationary solution (after Forchheimer); b – calculation of temperature fi eld at the base of buried pipeline with projected in-
service time τ = 100 years. 
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The application of numerical methods involves 
the problem of selecting the lower bound position of 
the computational domain, which presents additional 
challenges to the creation of high quality calculation 
methods. Engineering geocryology therefore needs to 
be equipped with fairly simple and reliable approach-
es to solving these issues.

2. An iterative procedure is proposed for adjust-
ing the parameters of the upper boundary condition, 
and specifying the lower bound position of the com-
putational domain by matching the calculation re-
sults with a limited set of actual data defi ned as early 
as the geotechnical investigations stage. Soil temper-
atures at the depth of zero amplitudes and seasonal 
thawing depths have been opted for, as such data. 
This determines the approach to defi ning all neces-
sary input parameters for the thermotechnical prob-
lem formulation, with due consideration of natural 
factors.

3. Comparison of calculation results in two vari-
ants (with the boundary condition parameters and 
the lower bound position, fi rst, as satisfying, and then 
as not satisfying the conditions of correctness) has 
shown that application of the incorrectly specifi ed 
parameters can lead to an appreciable cooling (or 
heating) eff ects on the base soils, which might be not 
true for real situation.

Divergence in the results of calculation of thaw-
ing depth beneath the structure can reach n-fold en-
hancement, leading to inadequate technical solutions 
in the structure design and causing thereby serious 
implications for the facility operations.

4. Given that the current expertise of computa-
tional programs ensures the fulfi llment of some formal 
criteria alone, while the applied methods are not sub-
ject to examination, neither their correctness, nor 
quality of calculations can be guaranteed. To test the 
quality of the developed methods, a comprehensive 
test procedure should become mandatory.
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